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We study operators F from L,[ -n, n] into the space of trigonometric polyno
mials of degree m ~ 11 that satisfy n additional conditions

where gk E L, [ - n, n]; supp giJ' supp gj = 0 for k oF j. It is well known that for
m=n

We show that for arbitrary m > n

:IFli L,_L, ~ C .log_ll_,
m-n

where C is independent of g" ..., gn' r 1991 Academic Press, Inc.

1. STATBIENT OF THE PROBLEM

This paper is a by-product of an effort to solve a problem posed by
J.Szabados in [3]. Let Ym:=span{l,eiC, ...,eimC} denote the space of
trigonometric polynomials on [- IT, n] of degree m. Let t 1, ..., tn (n < m)
be a set of points in (-n, IT). We use Dc, to denote the linear functional of
point evaluation at t i •

We consider the set g;;, of operators (not necessarily linear)

F: C [-".n] ~ Y;,c

which satisfy Dc, (FI) = Dc, (f) for i = I, ..., n.
It was conjectured in [3] that there exists a universal constant C> 0

such that

(1.1 )

for all FE g;;, and all choices of points t 1, ... , tn'
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In [2] the author proved (1.1) for all linear operators in ff",i' The :1on
linear situation remains open. Note that constraints on the set JF" are posed
by the functional btl' ... , bt, which satisfy supp b" n supp bt,= 0, for 2.~i

k#j.
In this paper we consider an analogous problem for "interpolation" in

L 1[ - re, IT].
For an arbitrary operator F: L 1 ---+ L[ define !iFi::= sup{ llFji L :

ir L, ~ 1}. The symbol 3 m again stands for trigonometric polynomials or
degree nl. Let g l' ... ~ gn be any n nontrivial functions in Lx [ - n, T( ] such
that supp gk n supp gj = 0 for j of. k.

Let JF" be the class of operators

satisfying

for allfEL;[ -n, n] and all k= 1, ... , n.

THEOREM. There exists a universal constant C> 0 such that

IIFI! L. ~ L, ;?; C ·log (_n_1, m-nj

(C does not depend on the choice of g l> ... , g,J

'iFE Y;"

The proof of this result is based on the observation that in L [[ - n, 1T J
the best choice for F is a linear operator. The inequality (1.2) for linea:
operators is established the same way as in [2].

2. PROOFS

In what follows we assume (without loss of generality) that l!gkiL x = 1
and m = n + q where q is an integer, q < n. We will use two lemmas.

The first one is a simple consequence of the Hardy inequality.

LEMMA 1 (cf. [1, 2]). Let F be a linear operator from L! [ - n, nJ into
!7;" giren by
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Then
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LEMMA 2 (cf. [2]). Let A and U be n x (n + q) and (n + q) x n matrices

Suppose that lak)~1 (k=1, ...,n;j=1, ...,n+q) and A·U=I, the nxn
identity matrix.

Then there are n-q rows of matrix U indexed by k 1 , ...,kn_ q such that

n 1
L IUkkjl ~2;
j~ j

1= 1, ..., n-q. (2.1 )

Remark. The meaning of Lemma 2 becomes clear by considering the
case where q = O. Then A and U are square matrices with AU = I. Hence
UA = I and writing out the diagonal of UA we have

for all k = 1, ..., n. Thus there are n - q = n rows in U with the property
(2.1 ).

Proof of the Theorem. Let "in denote the quantity

Pick I; > 0 such that 0 < I; < 1/(~'n + 2). Let FE.ri',. be a fixed operator with
IIFII-}'n < 1;2. Since [Lj(supp gk)J* = Lx(supp gk) there exist functions
fk E Lj(supp gk) such that f fk gk = 1; Ilfk ILl < 1 + 1;2. Let Pn = Ffk'
Consider the linear operator from L j[ - n, nJ into Y", defined by

Clearly f gkPj= f gkFh= f gkh=bjk · Hence P is a linear projection and
PE.ri',..

Also
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Hence

We now esti.mate Ii P 1\ L, ~ L, from below. Since P is a linear operator from
L i into :f;" it can be written as

Since P is a projection, so is P*. And since J(Pf) gk =Jfgk we have
gk E Range P*. Hence

where gj = gJI gill Lt'

Denote

Then

We have

L ajkuk(s) = gj(s),

Let];EL"JsuPP gl) such that iltilLr. ~ 1 and

Then

Letting

f ajk (uklt= 6jl
k~ i "

for ali j, 1= L ..., n.
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rn

I ajkUk/=bj /
k~l

for all j, 1= 1, ..., n.

By Lemma 2 there exist k 1, ... , k n _ q integers between 1 and n + q such that

Hence

1 n n I" I "I n I2":;;j~1 IUk,) = j~l ,J uk,(s)h(s) ds ,,:;; J j~' h(s) IUkr(s)1 ds

,,:;; IludL, ·IIIh(S)!L<e = IludL,·

In other words, among the functions U l' ... , Urn there are n - q functions
Uk" ..., ukn_ a with L, norm greater than or equal to !.

By Lemma 1 and the previous remark

1 n+q(n) Ilull L 1 n+q(n) 1
}'n+e~IIPniIL,~L,~- L _J_.-'~2 I -:-

n j~l ] nj~2q(n)J

C 1
n+q(n)

~ . og----"-
2q(n)

which gives us the conclusion of the theorem. I
Remark. The same theorem holds if we replace the complex polynomial

by real trigonometric polynomials. In the real trigonometric case we need
to use an operator analog of the Sidon inequality instead of Lemma 1
(cf. 1, 2 for details).

I thank the referee for many useful comments and for a significant
simplification of the proof of the theorem.
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